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Scattered Field Leapfrog ADI–FDTD Method
for Drude Dispersive Media
Hasan K. Rouf and Daniel Erni

Abstract—This letter presents a new unconditionally stable
scattered field (SF) finite-difference time-domain (FDTD) scheme
for Drude dispersive medium based on leapfrog alternating direction implicit (ADI) technique. The proposed scheme introduces
polarization current density and analytical incident field terms
in the leapfrog scheme without adding extra computational complexities except causing minor changes in the coefficients for the
central spatial locations. Unconditional stability and accuracy of
the scheme are validated by numerical tests. When the Courant
number is set to three or a higher value, the scheme can perform
faster than the explicit FDTD scheme.
Index Terms—Computational electromagnetics, Drude
dispersive medium, finite-difference time domain (FDTD),
scattered field techniques, unconditionally stable methods.

I. I NTRODUCTION

T

HE FINITE-DIFFERENCE time-domain (FDTD) problems can be solved by total field (TF) [1] or scattered
field (SF) approaches [2]. In the SF approach, the incident
field components are specified analytically throughout the problem space, while the scattered fields are found computationally.
Incident and scattered fields must satisfy the Maxwell’s equations independently. This approach can provide more accurate
results when the scattered fields have much lower amplitudes
than the total fields [2]. In the TF approach of FDTD formulation, incident and scattered field components are not separated.
In this case, as the incident wave propagates through the grid,
errors of such wave are progressively accumulated due to
numerical dispersion and anisotropy. SF approach does not
suffer from this limitation.
Unconditionally stable schemes like alternating direction
implicit (ADI–)FDTD [3], [4] are not constrained by the
Courant–Friedrich–Levy (CFL) stability criterion, and therefore significant computational advantage can be achieved.
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Recently, leapfrog ADI–FDTD method having the merit of not
requiring mid-time computation, unlike ADI–FDTD, was proposed in [5]. Reference [6] analytically proved its stability and,
by comparison among various unconditionally stable methods,
showed that the one-step leapfrog ADI–FDTD method was the
most efficient among all the recently developed unconditionally
stable schemes. Despite many advantages of SF technique over
TF technique, to our best knowledge, no SF unconditionally
stable scheme has been developed so far. All the unconditionally stable schemes implemented TF formulation of the FDTD
algorithm.
In this letter, a new scattered field unconditionally stable
scheme is presented for Drude dispersive medium. The scheme
is based on ADI principle but, unlike ADI, it does not require
the splitting in two substeps. It follows the approach of [5],
which presented the total field formulation for a frequencyindependent medium. The scheme leads to one-step tridiagonal
implicit equations that save both computational time and memory because, unlike ADI, no mid-time field computation and
storage is required. We have adopted the auxiliary differential equation (ADE) method to incorporate Drude medium.
Convolutional perfectly matched layer (CPML) [7] has been
used to truncate the computational domain. The scheme has
been validated against exact analytical solutions by numerical
experiments. It is unconditionally stable beyond the CFL limit
and can maintain very high accuracy even when the Courant
number is quite high. The proposed scheme becomes computationally more efficient than the explicit FDTD when the
Courant number equals or exceeds only three. Average relative
errors at larger time-step sizes beyond the CFL limit have also
been quantified.
II. F ORMULATION
We consider a linear, isotropic Drude dispersive medium
P
2

ωd,p
having the permittivity r (ω) = ∞ −
ω 2 −jωγd,p [1], where
p=1

ωd,p is the Drude pole frequency and γd,p is the inverse of the
pole relaxation time. Now due to the linearity of Maxwell’s
equation, the total electric and magnetic fields can be expressed
as the sum of incident and scattered fields. That is: Etot =
Einc + Escat and Htot = Hinc + Hscat . Here, Einc and Hinc
are the values of the incident wave fields, which are assumed to
be known in the SF technique at all space points of FDTD grid
and at all time-steps. Escat and Hscat are the values of the scattered wave fields, which are initially unknown. These are fields
that result from the interaction of the incident wave with any
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materials in the grid. In the SF technique, the FDTD method
is used to time-step only the scattered electric and magnetic
fields. In the proposed algorithm, the incident field is specified
to be propagating in free space for simplicity. Therefore, for the
incident field in free-space, Faraday’s law, ∇ × E = −μ ∂H
∂t , is
inc
given by ∇ × Einc = −μ0 ∂H
.
For
a
dispersive
medium,
this
∂t
∂Htot
equation is expressed as the total field: ∇ × Etot = −μ ∂t .
Taking μ ≡ μ0 for nonmagnetized medium and subtracting the
former equation from the latter, we obtain the scattered field
expression
∇ × Escat = −μ

∂Hscat
.
∂t

(1)

Next, Ex,scat from (4) is discretized from substep n + 1/2 to
n+1
n+ 1

n+ 1

n+m2
n+1
− c(Ex,inc
− Ex,inc2 ) − aJx,tot

∂E
+J
∂t

n+ 1

∂J
+ γd J = 0 ωd2 E.
∂t

(3)

∂Escat
∂Einc
+ 0 (∞ − 1)
+ Jtot . (4)
∂t
∂t

In vector differential equations of (1) and (4), the incident fields
are defined analytically. Updating equations for the scattered
field components Escat and Hscat are obtained using the proposed unconditionally stable scheme. According to the ADI
principle, the time discretization from n to n + 1 is split into
two substeps: n to n + 1/2 and n + 1/2 to n + 1. We start
from this two-substeps procedure. From (4), considering the
x-component of the electric field for the substep from n to
n + 1/2
n+ 12

n+ 12

n
n
+ aDy Hz,scat − aDz Hy,scat
Ex,scat = Ex,scat
n+ 1

n+m1
n
− c(Ex,inc2 − Ex,inc
) − aJx,tot

(5)

where a = Δt/20 ∞ , c = (∞ − 1)/∞ , Dw = ∂/∂w (w =
x, y, z) and m1 is the time index within the range of [0, 1/2].
Again from (1), considering the z-component of the magnetic
field for the substep from n to n + 1/2
n+ 1

n+ 1

n
n
2
2
Hz,scat
= Hz,scat
+ bDy Ex,scat
− bDx Ey,scat

(6)

where b = Δt/2μ. Substituting (6) in (5)
n+ 1

n
n
n
2
(1 − abD2y )Ex,scat
= Ex,scat
+ a(Dy Hz,scat
− Dz Hy,scat
)
n
− abDx Dy Ey,scat
n+ 1

(9)

By substituting (9) in (8) and considering the previous timestep, we get
n− 1

n
n
n
2
= Ex,scat
+ a(Dy Hz,scat
− Dz Hy,scat
)
Ex,scat
n− 1

n
2
− ab(D2y Ex,scat
+ Dy Dx Ey,scat
)
n− 1

n+m2 −1
n
− c(Ex,inc
− Ex,inc2 ) − aJx,tot
.

(10)

Finally, we substitute (10) into (7) and, to avoid asymmetry
error, set both m1 and m2 to 1/2 [8], which gives the expression
n+ 12
in terms of Jx,tot at current time-step
of Ex,scat
n+ 1

n− 1

2
2
(1 − abD2y )Ex,scat
= (1 − abD2y )Ex,scat

Equation (2) can be written for an incident field in free space
as ∇ × Hinc = 0 ∂E∂tinc , and for a dispersive medium as ∇ ×
Htot = 0 ∞ ∂E∂ttot + Jtot . The scattered field expression for
the propagating wave can be found by subtracting the former
expression from the latter
∇ × Hscat = 0 ∞

n+ 1

n+1
n+1
2
2
Hz,scat
= Hz,scat
+ b(Dy Ex,scat
− Dx Ey,scat
).

(2)

where the polarization current density J is found for a singlepole Drude medium as

(8)

where m2 is the time index within the range of [1/2, 1]. Again,
discretizing Hz,scat in (1) from substep n + 1/2 to n + 1

Substitution of Drude permittivity in Ampère’s law, ∇ × H =
jω0 r (ω)E, and conversion to time domain gives
∇ × H = 0 ∞

n+ 1

n+1
n+1
2
2
= Ex,scat
+ a(Dy Hz,scat
− Dz Hy,scat
)
Ex,scat

n+m1
n
− c(Ex,inc2 − Ex,inc
) − aJx,tot
. (7)

n+ 1

n− 1

n
n
+ 2a(Dy Hz,scat
− Dz Hy,scat
) − c(Ex,inc2 − Ex,inc2 )
n+ 1

n− 1

− a(Jx,tot2 + Jx,tot2 ).

(11)

n+ 1

Jx,tot2 is found from (3)
n+ 1

n− 1

Jx,tot2 = ζJx,tot2
n+ 1

n+ 1

n− 1

n− 1

2
2
+ η(Ex,scat
+ Ex,inc2 + Ex,scat
+ Ex,inc2 )

(12)

 ω 2 Δt

0 d
d Δt
where ζ = 2−γ
2+γd Δt and η = 2+γd Δt , and upon its substitution
in (11), the final update equation for scattered electric field is
obtained as

n+ 1

n− 1

2
2
= (1 − aη − abD2y )Ex,scat
(1 + aη − abD2y )Ex,scat

n+ 1

n
n
+ 2a(Dy Hz,scat
− Dz Hy,scat
) − (c + aη)Ex,inc2
n− 1

n− 1

+ (c − aη)Ex,inc2 − a(1 + ζ)Jx,tot2 .

(13)

Equation (13) requires the solution of a tridiagonal matrix only
once at a single time-step for calculating the scattered electric
fields. Calculation and storage of fields at the intermediate timestep are not required. The presence of incident fields Ex,inc
and polarization current density Jx,tot in (13) makes it different from the scheme presented in [5]. The former term stems
from the implementation of scattered field technique, while the
latter term results from the Drude dispersive medium. Due to
the introduction of these terms, coefficients for central spatial
locations (Ex,scat (i, j, k)) are also altered. Thus, the scheme is
implemented with no additional computational complexities.
The derivations for the magnetic fields are described now.
From (5), using the corresponding expression for y-component
n
is obtained in the substep from n to
of electric field, Ey,scat
n+ 1

2
n + 1/2 and substituted in (6) to obtain Hz,scat
. Again in the
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Fig. 1. Reflection coefficient at planar air–plasma interface computed by the
proposed method at different CFLN and the analytical results (as reference).

Fig. 2. Numerical and analytical values of transmittance of a 50-nm-thick gold
slab.

n+1
substep from n + 1/2 to n + 1, Ey,scat
is obtained similar to

TABLE I
C OMPARISON OF THE CPU T IME AND AVERAGE R ELATIVE E RROR

n+ 12

n+1
(8) and substituted in (9) to obtain Hz,scat
in terms of Hz,scat .
n+ 1

2
Combining these two equations, both involving Hz,scat
, we get
the final equation for calculating the magnetic fields as follows:

n+1
n
(1 − abD2x )Hz,scat
= (1 − abD2x )Hz,scat
n+ 1

n+ 1

2
2
+ 2b(Dy Ex,scat
− Dx Ey,scat
).

(14)

Like the electric fields, calculation of the magnetic fields also
requires the solution of a tridiagonal matrix at a single timestep. In summary, the complete procedure goes as follows:
• Solve (13) for the scattered electric fields.
• Solve (14) for the scattered magnetic fields.
• Find the polarization current density from (12).
III. N UMERICAL VALIDATION
The proposed scheme is validated by conducting two numerical tests and comparing the results to the analytical solutions.
First, we considered an unmagnetized plasma characterized
by Drude model having the parameters ωd = 2π × 28.7 GHz,
γd = 2 × 1010 GHz. We calculated the reflection coefficient
when a plane wave is normally incident from air onto the
plasma. In the numerical calculations, the grid size is Δs =
29.98 μm, and maximum time-step size allowed by the CFL
limit is ΔtCFL = 10−13 s. A modulated Gaussian pulse having
significant spectral energy up to 100 GHz was used. Fig. 1
depicts the reflection coefficient calculated by the proposed
scheme at different CFLN along with the analytical results.
Here, the CFLN ≡ Δt/ΔtCFL , with Δt being the time discretization used in the simulation. The proposed scheme works
even when CFLN > 1, and the numerical results are in excellent agreement with the analytical values.
As a second example, we studied the transmission of light
through a thin gold slab having the thickness of 50 nm. The
thin gold slab is illuminated by a modulated Gaussian plane

wave pulse with a spectral content up to 2000 THz. The cell
size was 1 nm, and the dispersion of gold follows [9]: ωd =
11.96 × 1015 rad/s, γd = 80.52 × 1012 rad/s. Fig. 2 shows the
transmittance of gold slab calculated by the proposed scheme at
different CFLN together with the analytical solution. The proposed scheme provides an acceptable solution even for a large
CFLN.
We then quantify the numerical error at higher CFLN by
the average relativeerror E calculated over the whole fre
2 
2
(R − Rref ) / (Rref ) . Here, R is
quency band: E =
f

f

the numerically calculated reflection coefficient, and Rref is
the analytical reflection coefficient. For the numerical test of
Fig. 2, the average relative errors of the proposed scheme at
different CFLN are given in Table I. We see that the scheme
can maintain good accuracy even at higher CFLN. For example, for CFLN = 1, 3, and 7, the average relative errors are
0.0158%, 0.13%, and 0.77%, respectively. Table I also shows
the CPU time required by the proposed scheme against the time
required by the explicit FDTD method on the same computer.
At CFLN = 3, the proposed scheme becomes faster than the
explicit scheme. At CFLN = 7, the scheme becomes 3 times
faster than the explicit scheme. By conducting several numerical tests, we found that the scheme renders beneficial in terms
of computational speed when CFLN ≥ 3.
We further studied the robustness of the scheme by investigating its stability under more restrictive conditions. Reference
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[10] showed that some of the popular auxiliary differentialequation-based explicit FDTD schemes associated with electromagnetic wave propagation in Drude medium are not stable
when the plasma losses are deemed negligible (i.e., γd = 0). To
maintain stability, these schemes require ( ωd2Δt )2 << 1, and
( ωd2Δt )2 must not be equal to one. For such limiting cases (i.e.,
γd = 0), we have set other parameters of the above numerical
examples in such a way that makes ( ωd2Δt )2 ≈ 1 and studied the stability. For the first numerical example, we assumed
the grid size to be Δs = 299.8 μm. If CFLN = 11 and 12,
then ( ωd2Δt )2 = 0.9836689 and 1.170647, respectively. For the
second numerical example with grid size Δs = 4.99 nm, setting CFLN = 10 and 11 makes ( ωd2Δt )2 = 0.9933 and 1.2019,
respectively. Under all these restrictive conditions, the scheme
always maintains its unconditional stability, which proves its
robustness.
IV. C ONCLUSION
A new unconditionally stable scattered field FDTD scheme
has been developed for Drude dispersive medium. The scheme
leads to tridiagonal implicit equations but, unlike ADI, it does
not require the mid-time field computations. Numerical calculation of reflection coefficients at media interfaces and the
transmittance of thin gold slab validated unconditional stability
and accuracy of the scheme. The scheme can maintain very high
accuracy even when the CFL limit is far exceeded. It becomes
faster than the explicit FDTD scheme when the CFL number is
as low as 3. Calculation of average relative errors showed that
the scheme can maintain very high accuracy even beyond the

Courant limit. The robustness of the scheme was established by
conducting numerical tests in very restrictive conditions under
which some other commonly used methods associated with
Drude medium become unstable.
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